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ABSTRACT 

A uniform quotient Lipschitz mapping between Euclidean spaces of 

dimensions n and n - 1, which annihilates the unit ball of a hyperplane, 

is constructed. 

1. Introduct ion  

This work is inspired by the paper [BJLPS], where Lipschitz quotient mappings 

and uniform quotient mappings are studied. A map f :  X --+ Y, where X and Y 

are metric spaces, is called a u n i f o r m  q u o t i e n t  if 

B~(r)(f(x)) D f(Br(x)) D B~(r)(f(x)) 

for any x E X and r > 0, where w(r) and ~(r )  are functions of the radius r 

independent of the point x, such that  w(r) > 0 for r > 0 and D(r) -+ 0 as r $ 0. 

If the first inclusion holds, f is called u n i f o r m l y  con t inuous ;  if the second 

holds, f is called c o - u n i f o r m l y  c o n t i n u o u s  or co -un i fo rm.  If w(r) >_ cr and 

D(r) <_ Cr for some c, C > 0, f is said to be a L ipsch i tz  q u o t i e n t  m a p p i n g  

(co-Lipsch i tz  if the first inequality holds and L ipsch i t z  if the second inequality 

holds). 

There is a developed theory of uniform/Lipschitz quotient mappings which are 

one-to-one ([BL]), but not much is known in the general case. 
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For example, if X and Y are Banach spaces, then the Gorelik principle ([G], 

[JLS]) says that  one-to-one uniform quotient mapping cannot carry the unit 

ball in a finite codimensional subspace of X into a "small" neighborhood of an 

infinite codimensional subspace of Y. The proof of the Gorelik principle actually 

shows that  a bi-uniform homeomorphism cannot map a ball in a subspace of 

codimension k into a small neighborhood of a subspace of codimension k + 1. 

This holds regardless of whether X and Y are finite or infinite dimensional. 

One may ask whether a similar principle holds for uniform quotient mappings, 

which are not one-to-one. It  turns out that  this is not the case even for finite 

dimensional spaces. 

As was proved in [BJLPS], for each n there is a uniform quotient mapping from 

R 2n+1 onto R n which maps the unit ball of the hyperplane to zero. Moreover, 

there is a stronger example for low dimensions: A Lipschitz and co-uniform 

mapping from R 3 onto R 2 which annihilates the unit ball of a hyperplane. 

In the present paper  we generalize this construction to the case of arbi trary 

dimension. The result of the paper  reads as follows: 

For n > 1 there is a Lipschitz and co-uniform mapping T from R "+2 -- R ~+1 @R 

onto R n+l such that  T(B~+le~ -- {0}. 

2. The  idea of  the  construct ion  

Before going into the technical details we briefly describe the example and the 

proof in an informal way. The space R n+2 is decomposed into the direct sum 

R "+1  @ R  : ((x,a) I x e Rn+l,a e R), and the mapping is of the form T(x,a) : 
~aa(llxll). Uc~a(lrxll)x, where U(.) is a family of orthogonal operators acting on R n+l . 

This family together with the functions ~a([Ix[I) and Ca(l[xll) are chosen in such 

a way that  the mapping T is clearly Lipschitz. 

The main part  of the proof deals with the co-uniformity of T, namely we 

check the inclusion TBr(x,a) D B~(r)(T(x,a)) for a fixed radius r > 0. I t  

turns out that  if a or Hxll is large enough, more exactly if [Ixll > 1 + oLlr n or if 

[a I > ol2r for suitably chosen constants a l  and c~2, then for a fixed and y close to 

fi,(x) = T(x, a) in R",  the gradient of f j l ( y )  is uniformly bounded in norm by a 

certain constant c, depending on r. So TBr(x, a) D T(Br(x), a) D B~/c(T(x, a)). 
The other case is: Ilxlt is less than 1 (or not much greater than 1) and 

[al _< a2r.  In this case the inclusion TB~(x,a) D B~(~)(T(x,a)) is of differ- 

ent nature. If  x remains fixed and a runs over [0, a2r]  (so the point (x, a) 

does not leave the ball of radius r), the point T(x, a) "draws" a curve which is 

"dense" in the ball BHxllc(r)(0) in the sense that  its small neighborhood contains 
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Bil~ltc(r)(0 ) D B~(r)(T(x, a)). This small neighborhood is contained, say, in the 

image of B~/2(x ) x [0, a2r] C Br(x, a), so the inclusion follows. This remarkable 

Lipschitz curve T(x, [0, a2r ]) looks like a spiral of infinitely many turns around 

0, when x E R 2 (see Fig. 1 below). In higher dimensions the curve is some spatial 

analogue of such a spiral. 
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0 . 2 - -  

0 - -  

- 0 , 2  - -  
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Figure 1. The image T((0, 1), a), - 1  < a < 1 is the projection of the 

bold curve onto the bot tom plane. 

In this part we use a special lemma, which allows us to approximate a fixed 

finite sequence of angles by residues of 2 r /7 ,  2r/72,. . .  , 2 r / 7  n modulo 2r.  

The question, whether there exists a Lipschitz quotient mapping from R u onto 

A m which annihilates an object of dimension greater than n - m, remains open. 

ACKNOWLEDGEMENT: This work will form part  of a Ph.D. thesis written under 

the supervision of Professor Gideon Schechtman. The author thanks Professor 

Schechtman for suggesting the problem and for useful discussions. 

3. T h e  c o n s t r u c t i o n  

THEOREM 3: For n >_ 1 there is a Lipschitz mapping T fi'om R ~+2 --- ]R ~+1 ff~ ]R 

onto R n+Z such that T is a co-uniform quotient mapping and T(B~n+le~ = 

{o}. 



214 O. MALEVA Isr. J. Math. 

Proof:  Let xk be the kth coordinate vector of the space R ~+1, and O x k x k + l  

denote the coordinate plane spanned by xk, xk+l. We interpret R k as the sub- 

space of R '~+1 spanned by x l , . . . , x k .  Denote by rtk the standard orthogonal 

projection R n+l -+ R ~. Let S k denote a sphere in R k+~ of radius r, centered at 

zero. By R~kx~+ * we mean the orthogonal transformation of the space, which 

acts as planar rotation by a in the kth and (k + 1)th coordinates, leaving the 

rest of the coordinates unchanged. Note that 

(1) if Ilvll = Ilwll and v - w �9 OXkXk+l ,  

then w = R~gxkxk+xV for some a �9 [0, 27r]. 

We define the orthogonal operator U[~k+!),a k inductively by 

21 = 

= 

For x fixed and a j  running over [0, 27r] independently, U~[~+I!~ (x) runs over the 

whole sphere in R n+l of radius Ilxll, centered at the origin. 

To show this, let us note first that {U[~2l(x) I a �9 [0, 27r]} = S]~II for x �9 R 2. 

k-1 for fixed x �9 R k. Assume that  U.[kl~,...,~,k-~ (x)  runs over the whole sphere Siixl I 
k Since 7r~(x- y) �9 R k, there exist Now fix x �9 R k+l and take arbitrary y �9 Sil~l I. 

c~2,... ,ak such that  U[~k],...,~k Trk(x -- y) = ~rku[~k],...,~k (X -- y) = II~rk(X -- y) l lxk.  

Then U[~,...,ak (x - y) lies in OXkXk+l .  By (1), there exists a l  such that  

U [k] , = R a~ U [k] x 
(X2~...1Clk ;l O X k X k q -  1 Ot2~...~C~k " 

By definition this means that  U[~+!!,~kx = y. 

For u �9 JR, let d~: R+ --+ [0, 1] be the continuous function such that d~(t)  = 

min(lul, 1) for t <_ 1, du(t )  = 1 for t >_ 2, d~(t)  is linear for 1 < t < 2. 

Define T: R n+l x R --+ R n+l by 

x In+l] T ( x ,  a) = d2. (11 ..... 

Note that  for n = 1 this reduces to the construction in [BJLPS]. 

Let us check that T is a Lipschitz mapping. For Ilxll >- 2 this is clear, since 

T ( x ,  a) = x.  The restriction of T to the set {(x, a): [Ixll < 2} is the composition 

of a Lipschitz mapping 

(x,a) (x, da(llxll),da=(llxll),..., da-(llxll)), 
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with  

(x, t l , . . . , t n )  �9 {(x, t l , . . . , t n ) :  Ilxll ~_ 2,0 < tn ~_ " "  ~_ t l  ~_ 1} 

the la t ter  is 1-Lipschitz in x, and each ent ry  of the ma t r ix  

t2U~n~:~,...,2,/tn 

is a combinat ion  of sin(2~r/ti) and cos(2r / t~) ,  mult ipl ied by t2; as t 2 _< t 2, such 

an expression has bounded  par t ia l  derivatives in ti. 

Let  us begin the proof  of the co-uniformity of T with the following Lemma.  

LEMMA 1: For 0 < p < 1 there exists a constant cp depending only on p and n, 

such that 

T (Bp(x ) , a )  D B c , ( T ( x , a ) ) ,  i f  either a n > p or [[x[[ > 1 + p. 

Proof  Note tha t  for each nonzero a the inverse of the mapp ing  

f a ( x )  = T ( x ,  a): R n+l -~ R n+l 

can be obta ined  as 

Ityll ~ 2~/d,~(p~,(l lyll))  ..... 2~: /d . , , (po( l ly l l ) ) ]  y '  

where p~(t) is the inverse of q~(t) = td2.( t )  (the above holds also for a = 0 as 

long as tlxll > 1). For t �9 (0, 1) u (1, 2) u (2, co), the derivative of qa(t) is bounded  

below by d~. (t), i.e., is not less than  a 2n A 1; moreover,  d~,, (t) is bounded  below 

by p2  when t > 1 + p. Thus,  if either a n _> p > 0 or Ilxll _> 1 + p, the derivative 

P~(IIY[I) is uot greater  t han  1/p 2 for y -- fa(X). Let us compute  the i th  par t ia l  

derivative of f~-i at  y = f~(x);  note tha t  Pa(IlY[I) = ]lxli: 

Oral(y) P'AllYlI)Y~ p,~(llyll)Y~v(p,~(liyll))y 
(2) Oy, i l y l l  ~ U(p~(l ly l t ) )y  i [y l l  ~ 

p ~ ( l l y l l )  , . . . . . .  y~ P'~(ItYll---~-" U(pa(llyll) )~, + �9 U' (p~ )y, 
+ Ilyll ~p~ttyt,)~ 

where U(t) s tands  for (U In+l] ) -1  2~/d~(t) ..... 2~/d~ . The  norm of the first s u m m a n d  

is less t han  or equal to 1/p 2, the norm of the second is less than  or equal to 

P~([[YI[) 1 1 

Ilyll - d~o(l lxlJ)  < -  - -  p 2  ~ 
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the norm of the third is less than or equal to 

Pa(IlYH) 1 
IlYl-----~ < ~ "  

If t = p~(ltyll) >- 2 then U'(t) = 0, therefore the norm of the fourth summand is 

less than or equal to 
2 1 

IlYll P 2 HU'(t)IIIIyH" 

It remains to estimate the norm of the matrix IIU'(t)ll. The matrix (U[~+l]a.) - 1 . . . ,  

is the product of 2 = - 1 rotations in 2-dimensional planes by -4-hi; the derivative 

of such a rotation with respect to ar is either zero (if i # j )  or an orthogonal 

matrix, so 

O_~jffT[~+1] ~-I < 2 ~- I. \ v  O t l~ . . . ~Otn  ] 

Therefore 

IIU'(t)ll-< ( 2 ~ -  1)Ej=I \ d ~ - ~ / (  2r  ~,[i <- 2~r(2n - 1) j=~l d2(t)a~ 

2r (2"  - 1)n C < < - -  

- -  - -  p 2 '  

as da, (t) < da~ (t) and d~j (t) _< 1. Thus, the last summand in the right-hand 

side of (2), as well as the whole gradient of f~-I at the point f~(x), has norm not 

greater than c/p 4 for some e depending on n. 

We have proved an intermediate result: if either a n > p or the norm I[Pa(Y)I] > 

1 + p, then i]Vf~-l(y)]] < cp -4 for some constant c > 1 depending only on n. 

Now in the case a" > p the norm of the gradient of f[ l (y)  is bounded by 

the same constant cp -4 at all the points y, so the preimage fal(Bph/a(fa(x))) is 

contained in Bp(x), which is equivalent to T(Bp(x), a) D Bph/c(T(x, a)). 
Let us examine the other case: l]xl] > 1 + p. Note that 

min q : ( ~ ) >  (~)3. qa([[XH) --qa(1 + P ) >  2 ~>l+p/2 p 

Therefore for all z E Bph/lSc(fa(x)) we have 

]]z]I >_ Hfa(x)H- p5/16c _> l]fa(X)][- p3/8 >-- qa( l  + P ) ,  

so the norm of the gradient of f~-i at z is bounded above by 16c/p 4, as pa(llzll ) > 

1 + p/2. This means that f[l(Bph/16~(f~(x))) C Bp(x), which is equivalent to 

T(Bo(x), a) D Boh/16r a)). | 
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Now let us show tha t  T is co-uniform. We m a y  consider only (x, a) in R n+2 

with  a > 0 and assume tha t  the radius r lies between 0 and 1. 

FIRST CASE. r -< 2n+9a or Ilxll > 1 + (r/2n+9) ". Let p = (r/2n+9)n; then 

L e m m a  1 implies tha t  

TB~(x,  a) ~ T(Bp(x),  a) ~ Bc, (T(x ,  a)). 

SECOND CASE. r > 2n+ga and fix H < 1. Let us show tha t  the set 

T c Y'~/ k + l l  _<~_< 1 , ] ]yH=HxH,  H y _ x H _  < 

coincides wi th  the sphere Scllxll of radius ci]x]l, centered at  zero, whenever 

k > 2n+5/r is an integer and 

1 1 
(k+2) 2n - < c <  (k+l) 2". 

Take z E R n+l  of norm cllxll. Fix ~ z , . . . ,  ~ E [0, 2~] such tha t  U~+ll~nx,..., = 
z/c.  The following l e m m a  will be proved later: 

LEMMA 2: For any 9h, ~2, . . . ,  ion E [0, 27r] and any positive integer k >_ 2 there 
exists s ,ch that 

(3) U In+l] "r  - -  U I n + l ]  ~ ] l  __ 
iP l , !P2  . . . . .  ~ . - -  2~r/'y,2~r/') '2 . . . . .  2 ~ / - ~ - ~ l l  < 2n+lw/k 

all l] ll -< 1. 

Now find "y E [ ~ 1 ,  ~] such tha t  (3) holds. Then  

z In+l] Tr[n+l] n , 

C " z l r / 'Y ' z ' I r / 'Y2  . . . . .  2 ~ / " Y n \ ' ~ ) )  : { ) 2 r / ' 7 ' 2 ~ T / ' Y 2 " ' " 2 7 r / " [ n D 2 n + l w / k ( X ) '  

i.e., z /c  = U In+l] 2~/~,2~/~2 ..... 2~/7-(Y) for some y C B2~+~/k(x ) A Siixl I. This  means  
tha t  

z = T  Y,7 , I]yii=]]xll  and ]iY-x]l<_2'~+lTr/k-<r2~+~--~--<r/4 , 

which proves the s ta tement .  

We have 

C (x,a)-(~-cY, 7) 2_< (fix_yil+ 1 - ~ ) 2 + ] a - 7 ]  2 . 
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Now let k run over all integers greater than 2n+5/r.  For each k, let 
1 1 7 run over [~+1, ~], c run over [ W ~ - ~ ,  (k+--k-~] and y run over the set 

{Y [ IlY]I = HxN, lly - xH < r/4}. For such 7, c and y we have 

1 . y 2 - - c n - ( 1 - ~ C ) ( l + ~  c )  < 2 ( 1 - ~  c )  

4n k- 4n~ + 2)--1 4~ < 2-~ r; _<2(1 (k7-2).)< (k+2)- - < T -  
s i n c e  0 _< a < r / 2  n+5 and 0 < 7 < 1/k < r/2 n+5 we obtain la - 712 < (r/2n+5) 2 

and thus 
r 4rn ~ 2 2 

([Ix - Yll + 1  - ~2~ )2 + I a _ ,7]2 < ( 4  + 2--~-g] + (2"--~)  < r2" 

This means that  all the points (~,~-. y, "y) as above lie in the ball B~(x,a) .  
Consequently, 

(4) TBr(x,a) ~ U Scllztl = BII~IIr'"/(2"+6)'"(0), 
O<c<(r/2n+6) 2n 

as c runs over 
r ~-3 [o,( r--5--~2"3 

Note that  formula (4) holds for all x, a, r such that  0 _< a < r/2 n+~ and I1~[I <- 1. 

Since 
( r ~2. r2~llxl I 

liT(x,a)[I--a2"llxll < ~2--~-~] Ilxll < 
_ _ 4(2n+6)2n ' 

we conclude that  

TBr(x, a) D Bllzilr2./(2.+9)2. (T(x, a)). 

Now if Ilxll >_ r/2 then 

TB~(x, a) D Br/2.~2./(2.+9)2. (T(x, a)) = Br2~+,/2(2n+9)~. (T(x, a)), 

while if Hx[] < r/2 then, put t ing y = rx/(2HxH), 

TB~(x, a) ~ TBr/2(rx/(2llxll), a) = TBr/2(y, a) 

D Bllyll(r/2)2,~/(2,,+s)2n (0) = B(r/2)2~+l/(2,,+6)2. (0) D Br2.+1/(2~.+2(2.+6)2~)(z) 

for all Ilzll < r2"+l / (22"+2(2"+s)2")  �9 Here formula (4) is valid for the triple 

y, a, r/2, since the conditions 0 < a < r / 2  "+6 and Ilyll ___ I hold. But  

�9 r . 2 n  r2n+l 
IIT(x,a)ll = a2~ilxll ___ ( 2 - ~ )  .r/2 <_ 22n+2(2n+6)2n ' 

so TBr(x, a) D Br:,+l/(2~,+2(2.+6)2.)(T(x, a)). 
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THIRD CASE�9 r > 2n+9a and 1 < IIxlt ~ 1 + (r /2"+~ ~. By (4) 

X 
TB~(x,a)  D TB~(1-1/(2.+9)~)(~-~,a) D B(r(l-1/(2~+~)~))~./(2~+~)~(O). 

1 )/2~+5" 
(2n+9) n 

d~(l[x[l )<__a n + l l x l l - 1 5 a  n +  ~ <_2. 

we obtain 

t[T(x,a)ll ~ (2-  r n 2 r 2n r n 
(2- -~-9) )  Ilxl] <-- 4(2n-~V)2-(1 + ( 2 - ~ - 6 ) )  

< ~ ( r ( 1  1 _~/2n+6~ 2n 
(2-+9)- j -  j 

Therefore 

Now formula (4) is valid since 

a < r/2 n+9 < r(1 

Since 

TBr(x ,a )  D B�89 | 

Remark: One can see that the order of the co-unifornfity module w(r) at zero 
varies for different cases: in the first case w(r) ~ r 5", in the second w(r) ~ r 2'~+1 

and in the third it is of order r 2n. 

Proof of Lemma 2: Note that the matrix b-~ U~+~,  ,~, has operator norm not 
�9 ~o j  "�9 

greater than 2 j - l ,  because it is a sum of 23-1 matrices of norm 1. Therefore 

u:C.+ ~] . U[ .+2 ] [[ < ~ 2i-1[(~0j - ~ j ) rood 2~r]. 
j = l  

1 1 Hence if "~ E [~-i ,  ~] satisfies (5) below, then for all x such that ltxli < 1, 

n - 1  k 2n+l?r 

j=l 

LEMMA 3: For any ~1, ~o2,..., ~ C [0, 2~r] and any positive integer k > 2 there 
exists ~ ~ [~,  ~] such that 

4~r 
(5) ~j - - ' :  rood 2zr < for all j = l , . . . , n - 1  and 7j - ~ -  ~ n -  2~r mod2~r = 0. 

7 n 
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Proof'. Let N ( j )  = (k + 1)J - kJ - 1. We define the sequence t~ml'~[n]1N(n)jm=0 by 

a[~ ] = 2~r(k n + m)  + qOn. 

r [ j l~N(j)  Now for each j = n , . . . ,  2, having constructed the sequence ,tam )m=o such that  

a~  1 � 9  j + m ) , 2 ~ ( k  j + m + a ) ]  and a~  l - ~ j m o d 2 ~ < 4 €  

[ / - lbN(j-1)  
we construct "tam J'ra=0 as follows. Note first that  the derivative of the 

function qj(t)  = 2~r(t/2~r) ( j -1) / j  is less than 1/k  for t �9 [2~rkJ, 2~r(k + 1)J]. This 

implies that  
l < 2 ~ r  

qj(abo ]) -q j (2T:kJ)  <_ (ao ~ ] -  21rkJ)~ _ -k- 

and, for 0 <_ m <_ N ( j )  - 1, 

qj(a~m]+l) - qj(abm]) < (abm]+l - abm]) < -~-. 

Also 

-- J~ N(j) -- -- N(j)J k -- -k-" 

r [ j - 1 ] ~ N ( j - 1 )  r ~ a [ j ] ~ g ( j )  
It follows that  we can choose ,tam I,,=o among ~tqj( ,~)1m=o so that  

abm -1] �9 [21r(k j -1  + m), 2r (k  j -1  + m + 1)] and abm -1] - qoj-1 mod2~r _< 4 r / k .  

, [i]~lv(j) [01 Consider "tam 1m=o for j --- 1 - -  this is one point. Let us define ~/= 21r/a ]. 
[jbN(j) 

Then 2~r/,yJ belongs to "tam 1m=O for each j ,  so (5) holds. | 
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