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ABSTRACT

A uniform quotient Lipschitz mapping between Euclidean spaces of
dimensions n and n — 1, which annihilates the unit ball of a hyperplane,
is constructed.

1. Introduction

This work is inspired by the paper [BJLPS], where Lipschitz quotient mappings
and uniform quotient mappings are studied. A map f: X — Y, where X and Y
are metric spaces, is called a uniform quotient if

BQ('r) (f(.'L‘)) ) f(B,.(.’l?)) 2 Bw(r)(f(x))

for any x € X and r > 0, where w(r) and Q(r) are functions of the radius r
independent of the point z, such that w(r) > 0 for r > 0 and Q(r) - 0 asr | 0.
If the first inclusion holds, f is called uniformly continuous; if the second
holds, f is called co-uniformly continuous or co-uniform. If w(r) > cr and
Q(r) < Cr for some ¢,C > 0, f is said to be a Lipschitz quotient mapping
(co-Lipschitz if the first inequality holds and Lipschitz if the second inequality
holds).

There is a developed theory of uniform/Lipschitz quotient mappings which are
one-to-one ([BL]), but not much is known in the general case.
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For example, if X and Y are Banach spaces, then the Gorelik principle ([G],
[JLS]) says that one-to-one uniform quotient mapping cannot carry the unit
ball in a finite codimensional subspace of X into a “small” neighborhood of an
infinite codimensional subspace of Y. The proof of the Gorelik principle actually
shows that a bi-uniform homeomorphism cannot map a ball in a subspace of
codimension k into a small neighborhood of a subspace of codimension k + 1.
This holds regardless of whether X and Y are finite or infinite dimensional.

One may ask whether a similar principle holds for uniform quotient mappings,
which are not one-to-one. It turns out that this is not the case even for finite
dimensional spaces.

As was proved in [BJLPS], for each n there is a uniform quotient mapping from
R*"*! onto R® which maps the unit ball of the hyperplane to zero. Moreover,
there is a stronger example for low dimensions: A Lipschitz and co-uniform
mapping from R? onto R? which annihilates the unit ball of a hyperplane.

In the present paper we generalize this construction to the case of arbitrary
dimension. The result of the paper reads as follows:

For n > 1 there is a Lipschitz and co-uniform mapping T from R**? = R**+*! @R
onto R**! such that T(B]F"Heo(O)) = {0}.

2. The idea of the construction

Before going into the technical details we briefly describe the example and the
proof in an informal way. The space R"*2 is decomposed into the direct sum
R**!1 @R = {(z,a) | x € R**1,a € R}, and the mapping is of the form T'(z,a) =
Ca(ll2|l) - Uy, (2@ where Uy.) is a family of orthogonal operators acting on R***.
This family together with the functions ¢, (||z||) and ¥, (||z||) are chosen in such
a way that the mapping T is clearly Lipschitz.

The main part of the proof deals with the co-uniformity of T', namely we
check the inclusion TB,(z,a) D B,)(T(z,a)) for a fixed radius r > 0. It
turns out that if @ or ||z|| is large enough, more exactly if ||z|| > 1 + aqr™ or if
|a] > agr for suitably chosen constants a; and ag, then for a fixed and y close to
fo(z) = T(z,a) in R*, the gradient of f;!(y) is uniformly bounded in norm by a
certain constant ¢, depending on r. So TB,(z,a) D T(B,(z),a) D B, ,.(T(z, a)).

The other case is: ||| is less than 1 (or not much greater than 1) and
la] < agr. In this case the inclusion TB,(z,a) O By (T(z,a)) is of differ-
ent nature. If r remains fixed and a runs over [0,apr] (so the point (z,a)
does not leave the ball of radius r), the point T(z,a) “draws” a curve which is
“dense” in the ball Bjj5c(r)(0) in the sense that its small neighborhood contains
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Byajie(ry(0) O By (T'(x,a)). This small neighborhood is contained, say, in the
image of B, /() x [0, a1 ] C By(z,a), so the inclusion follows. This remarkable
Lipschitz curve T'(z, [0, aar]) looks like a spiral of infinitely many turns around
0, when = € R? (see Fig. 1 below). In higher dimensions the curve is some spatial
analogue of such a spiral.
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Figure 1. The image T'((0,1),a), —1 < a < 1 is the projection of the
bold curve onto the bottom plane.

In this part we use a special lemma, which allows us to approximate a fixed
finite sequence of angles by residues of 2r /v, 2n/+2%,...,2m /4™ modulo 2.

The question, whether there exists a Lipschitz quotient mapping from R” onto
R™ which annihilates an object of dimension greater than n — m, remains open.
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the supervision of Professor Gideon Schechtman. The author thanks Professor
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3. The construction

THEOREM 3: For n > 1 there is a Lipschitz mapping T from R**?2 = R*t1 ¢ R
onto R**! such that T is a co-uniform quotient mapping and T(B‘fn“@o(o)) =

{0}.
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Proof: Let zi be the kth coordinate vector of the space R"*!, and OzyTyy,
denote the coordinate plane spanned by z,zr.;. We interpret R¥ as the sub-
space of R"*! spanned by zj,...,7x. Denote by m; the standard orthogonal
projection R"*! — RF. Let S* denote a sphere in R¥*! of radius 7, centered at
zero. By R3,, ;. ,, We mean the orthogonal transformation of the space, which
acts as planar rotation by « in the kth and (k + 1)th coordinates, leaving the
rest of the coordinates unchanged. Note that

(1) if ||v|| = ||jw|| and v — w € Ozgziy1,

then w = R3,, ..., v for some a € [0, 27].

We define the orthogonal operator Uc[,klt_l,],a,‘ inductively by

U[2] = 02132’
Ugi-,l-l],ak = (U(L’Z],...,ak) IROzkzkH g‘;], 7'

For z fixed and «; running over [0, 27} independently, Uél:H],a,,( ) runs over the

whole sphere in R**! of radius ||z||, centered at the origin.
To show this, let us note first that {Um( )| @ €[0,27]} = Sllzll for z € R2.

Assume that Ual,,..,ak_l(x) runs over the whole sphere S" 2l for fixed z € R¥.
Now fix z € R¥*! and take arbitrary y € S{fz||~ Since i (z — y) € R¥, there exist
az,..., ag such that UR), _acmi(@ — 9) = mUK)._ax(z = 9) = [me(@ - y)ls.
Then U,[,';],,__,ak (x — y) lies in Ozgzg41. By (1), there exists a; such that

U[k]’ R % Uikl z.

OzpTr41  A2yeesCk

By definition this means that U, [k+1],akx =y.

For u € R, let d,: R, - [0,1] be the continuous function such that d,(t) =
min(|u|, 1) for £ < 1, dy(t) = 1 for ¢ > 2, d,(t) is linear for 1 < ¢ < 2.
Define T: R*+! x R — R**! by

n+1
T(2,0) = don (I Ul sl et 2n/a o o)z fdan )

Note that for n = 1 this reduces to the construction in [BJLPS].

Let us check that T is a Lipschitz mapping. For ||z|| > 2 this is clear, since
T(z,a) = x. The restriction of T to the set {(z,a): ||z|| < 2} is the composition
of a Lipschitz mapping

(z,a) = (2, da(llz]]), daz (llz]}), - .-, dan (I|2]])),
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with
(@81, ) € {{®y b1, tn) 2] €2,0< 8, <--- <1 <1}
2 rr[n+1] .
= tnU21r/t1,...,21r/tnx’

the latter is 1-Lipschitz in z, and each entry of the matrix

2 rrln+1]
tnU27r/t1,...,27r/tn

is a combination of sin(2n/¢t;) and cos(2n/t;), multiplied by ¢2; as t2 < t2, such
an expression has bounded partial derivatives in ¢;.

Let us begin the proof of the co-uniformity of 7' with the following Lemma.

LEMMA 1: For 0 < p < 1 there exists a constant c, depending only on p and n,
such that

T(By(x),a) D B, (T(x,a)), ifeither a™ > p or ||z|| > 1+ p.

Proof: Note that for each nonzero a the inverse of the mapping
fa(z) = T(z,a): R**1 - R*H!
can be obtained as

-1 _Pa(”y”) [n+1] ~1
fo () = Iyl (U27r/da(pa(llyll)),u.,%/dan(pa(llyll))) Y

where p,(t) is the inverse of g,(t) = td2.(t) (the above holds also for a = 0 as
long as ||z|| > 1). For ¢ € (0,1)U(1,2)U(2, 00), the derivative of g, (t) is bounded
below by d2.(t), i.e., is not less than a®® A 1; moreover, d2,(t) is bounded below
by p%, when ¢ > 1+ p. Thus, if either a® > p > 0 or ||z|| > 1+ p, the derivative
po(|ly|l) is not greater than 1/p? for y = fu(z). Let us compute the ith partial
derivative of f; 1 at y = f,(z); note that p,(l|y|)) = ||z||:

0fa () _palllyly: _ Palllylys
(2) ayz - ”y“2 U(pa(”yH))y ”y”3 U(pa(“y”))y
Pa(liyll) . Palllwld Yi oy
TV wallviDes + = Epa(lyll s - U ealllyDy,

where U(t) stands for (Ué:ﬁi ©),...2m/ dan(t))‘l. The norm of the first summand
is less than or equal to 1/p?, the norm of the second is less than or equal to

Pa(llyll) 1

vl dga (llll)

<1
_F,
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the norm of the third is less than or equal to

pelyl) _ 1
"<

If t = pa(jjyll) > 2 then U’(t) = 0, therefore the norm of the fourth summand is

less than or equal to
21

It remains to estimate the norm of the matrix || (t)|]. The matrix (UFH, )1
is the product of 2" — 1 rotations in 2-dimensional planes by +e«;; the derivative
of such a rotation with respect to «; is either zero (if ¢ # j) or an orthogonal
matrix, so

“c’)a W e, IH <2" -1

Therefore

ol < @ - ﬁ:\(

27(2" — 1)n C

STE&m 2
as dgn (t) < dgi(t) and d; (t) < 1. Thus, the last summand in the right-hand
side of (2), as well as the whole gradient of f;'! at the point f,(z), has norm not

greater than ¢/p* for some ¢ depending on n.

) ’ <om(2" — 1) Z da’ ®)

a)

We have proved an intermediate result: if either a™ > p or the norm |/p, (y)|| >
1+ p, then ||V (y)|| < cp~* for some constant ¢ > 1 depending only on n.

Now in the case a® > p the norm of the gradient of f;1(y) is bounded by
the same constant cp™* at all the points y, so the preimage f;1(Bs/.(fa(z))) is
contained in B,(z), which is equivalent to T'(B,(z),a) D B /.(T(x,a)).

Let us examine the other case: ||z|| > 1+ p. Note that

tolllel) ~ a0 (14 5) 2 5 _min a;(6) > ()3

Therefore for all z € B j16c(fa()) we have

Il > llfa (@)l = #/16¢ > | falo)l| = /8 > g1+ 5),

so the norm of the gradient of £ at z is bounded above by 16¢/p*, as po(||2][) >
1+ p/2. This means that f;}(Bs16c(fa(2))) C Bp(x), which is equivalent to
T(BP(IL‘),G,) ) Bp5/16c(T($7 a)) N
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Now let us show that T is co-uniform. We may consider only (z,a) in R**?
with a > 0 and assume that the radius r lies between 0 and 1.

FIRST CASE. 7 < 2% or ||z|| > 1+ (r/27*%)". Let p = (r/2"*%)"; then
Lemma 1 implies that

TB,(z,a) D T(B,(z),a) D B.,(T(z,a)).

SECOND CASE. 1 > 2% and ||z|| < 1. Let us show that the set

() mg <7< g vl = el -l < 5}

coincides with the sphere Sy, of radius cl|xz||, centered at zero, whenever
k > 2"*5/r is an integer and

1 1
<

- - &K
k+2)2n == k™

Take 2 € R™*! of norm c||z||. Fix ¢1,...,¢n € [0,27] such that UZHY, =

z/c. The following lemma will be proved later:

LEMMA 2: For any ¢1,¢2,...,¢n € [0,27] and any positive integer k > 2 there
exists ¥ € [g41, %] such that

1 [n+1]
(3) |IU<[P7;—,+_<P2]7~--7‘Pn - U2:/'y 27 /2,20 "I’.” S 2n+1ﬂ-/k

for all z: ||z|| < 1.

Now find v € [37, ] such that (3) holds. Then

z [n+1] __ prln+1)
E € B2"+1"r/k(U21r/fy o2 /42,27 fym ( )) - U2:'/'y,21r/'y2,m,21r/'y"B2"+17"/k($)’

ie., zfc= Ué:ﬁgnh ) ’%/7"( y) for some y € Bant1 k() N S)z- This means
that

c 2ntig
z = T(Wy,y), llyll =z and |y—=z| <2"t'n/k <r—nr T <r/4,

which proves the statement.
We have

o) = ()| < (b=l + 1= ) +1a -
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Now let k run over all integers greater than 2"*°/r. For each k, let

v run over [giy, %, ¢ run over (x5 > Geriys=) and y run over the set
{y lllyll = ll=ll, lly — =ll < r/4}. For such v, c and y we have

- (- 9) () 5200 5

y2n " ¥
k™ nk+2)"1 4n _ 4n
<2(1- < <l
( (k + 2)") (kr2)r =k — o5

since 0 < a < r/2"*5 and 0 < v < 1/k < /2™ we obtain |a — v|? < (r/27+%)?2

and thus
2 T 4rp 2 ro\2
(le sl + 1= z]) +la-ap < (G4 555) + (Gme) <
This means that all the points (;S—,;y, v) as above lie in the ball B,.(z,a).
Consequently,

(4) TB,(z,a) D U Sejjz)| = Bjz|jr2n /(2n+e)2n (0),

0SC_<_(7'/2"+6)2"

r 2n r 2n
o Grz7w) 1210 (7) |
Note that formula (4) holds for all z,a,r such that 0 < a < r/2"*+° and ||z|| < 1.
Since

as ¢ runs over

r o]
170l = ™ol < (575) el < grzmparie

we conclude that

TB;(x,a) D Bjgjjr2n j(2n+0y2n (T(z, a)).
Now if |jz|| > /2 then
TB,(z,a) D Byja.r2nj(antoyen (T(Z,a)) = Byzntijp(antoyan (T, a)),
while if ||z|| < r/2 then, putting y = rz/(2|z]|),
TBr(z,a) D TBy/2(rz/(2lx|]), a) = TB,/2(y,a)
D Byyir/2nj@ntoy2n (0) = Birjayanss janreyan (0) O Branti(ganta(znsoyan)(2)

for all ||2]| < r2n+1/(22n+2(2n+6)2n) Here formula (4) is valid for the triple
y,a,7/2, since the conditions 0 < a < 7/2"*® and ||y|| < 1 hold. But
7‘2"+1

r 2n
IT(z,a)|| = a®||z|| < (2—,1;3) T/2< 92n+2(gn+6)in’

S0 TB,-(Q,‘, a) D Br2n+1/(22n+2(2n+6)2n)(T(:L‘,a)).
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THIRD CASE. 7> 2" % and 1 < |jz|| <1+ (r/27*%)™. By (4)
T
TB,-(:L‘, a) D TB:,-(]__l/(2n+9)n) (m, a,) D B(r(l_l/(2n+9)n))2n/(2n+6)2n (0)

Now formula (4) is valid since

1
n+9 _ n+5
a<r/2 <r(1 ———(2n+9)n)/2 .

Since
don (o) <@+ o~ 1< 0"+ (5) <2+ (55 )
we obtain
7@l < (2- (5m) ") el < 45;%(1 +(55))
<5(r(1 - gag) )"
Therefore

T'B:(z,a) D Byyon(-1/@n+o)n)janroyn (T(2,a)). B

Remark: One can see that the order of the co-uniformity module w(r) at zero
varies for different cases: in the first case w(r) ~ r5”, in the second w(r) ~ r2*+!
and in the third it is of order r?»

Proof of Lemma 2: Note that the matrix B; Ugﬁ;}, .,¢n has operator norm not
greater than 27~1, because it is a sum of 29~ -1 matrices of norm 1. Therefore

n
+1 j— ~
WS e —USEL 1< 3277 (05~ &) mod 2n].
=1

Hence if v € [% 1] satisfies (5) below, then for all z such that |jzf} < 1

2n+1

i+ [n+1) G— 147"
0. 2 /y,2m[¥2, . 2w fyn T U¢1,¢2, )%J:H s 22 =

LEMMA 3: For any ¢1,¥2,...,¢n € [0,27] and any positive integer k > 2 there
exists v € (37, &) such that

2 4
5) <,o,———1mod27r§—7E forallj=1,...,n—1 and cpn~2—1£m0d27r=0.
v k "
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Proof: Let N(j) = (k+ 1) — k7 — 1. We define the sequence {a["]}N(:g by
al™ = 21 (k™ +m) + ¢n.

Now for each j =n, ...,2, having constructed the sequence {al }m(_j()) such that

aldl € 2n (kK +m),27(k? + m+1)] and alf] — p; mod 27 < 47 /k

we construct {am 1]}N(J D as follows. Note first that the derivative of the

function g;(t) = 2n(t/2r)U~/J is less than 1/k for t € [2nk?, 2n(k + 1)7]. This
implies that

55(ab") - g;(2mb?) < (@) — 2mk) < 2T

and, for 0 <m < N(j) -1,
: ; 4
a5(abl1) — g;(al) < (al,, a2 < 7.

Also
1 2
a2k +1)%) - g;(affy,) < @r(k+ 1) = afi;) T < T

It follows that we can choose {am ll}N(] 1 among {g; (am)}N(’ ) so that
i~V 2n(k " 4 m), 20k P +m+1)] and ali~Y - 1mod2r < dn/k.

Consider {a }m(J ) for j = 1 — this is one point. Let us define v = 27r/a£,1].
Then 27 /77 belongs to {al1}9) for each j, so (5) holds. n

References

[BJLPS] S. Bates, W. B. Johnson, J. Lindenstrauss, D. Preiss and G. Schechtman,
Affine approximation of Lipschitz functions and nonlinear quotients,
Geometric and Functional Analysis 9 (1999), 1092-1127.

[BL] Y. Benyamini and J. Lindenstrauss, Geometric nonlinear functional analysis,
Volume 1, Colloquium Publications, Vol. 48, American Mathematical Society,
Providence, RI, 1999.

[G] E. Gorelik, The uniform nonequivalence of L, and £y, Israel Journal of

Mathematics 87 (1994), 1-8.

[JLS] W. B. Johnson, J. Lindenstrauss and G. Schechtman, Banach spaces
determined by their uniform structures, Geometric and Functional Analysis
6 (1996), 430-470.



